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The Instrument Spreading Correction in GPC. I. The
General Shape Function Using a Linear Calibration Curve*

THEODORE PROVDER}{ and EDWARD M. ROSEN

MONSANTO COMPANY
ST. LOUIS, MISSOURI 63166

Summary

A general shape function is proposed for describing the instrumental
spreading behavior in gel permeation chromatography (GPC) columns
due to axial dispersion and skewing effects. The general shape function
contains statistical coefficients which describe the axial dispersion, skew-
ing, and flattening of ideal monodisperse standards. A method denoted
as the “method of molecular weight averages” is used to derive equations
to correct GPC number- and weight-average molecular weights and
infrinsic viscosities calculated from linear molecular weight calibration
curves. The validity of these equations is experimentally verified with
data for polystyrene, polybutadiene, and polyvinyl chloride polymers in
tetrahydrofuran. The physical significance of the correction equations and
their statistical coefficients is discussed in relation to the observed GPC
chromatograms. Application of this shape function to the numerical
Fourler analysis method for correcting differential molecular weight
distribution (DMWD) curves is outlined. Also, a method is presented for
obtaining corrected DMWD curves from a fitted molecular weight
calibration curve corrected for instrument spreading by use of the hydro-

dynamic volume concept.

INTRODUCTION

Molecular weight distribution (MWD) curves calculated from gel
permeation chromatograms are generally broader than the true or

* Presented at the ACS Symposium on Gel Permeation Chromatography,
sponsored by the Division of Petroleum Chemistry at the 159th National Meeting
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absolute MWD curves due to instrumental spreading of the experi-
mental chromatogram. Thus, the molecular weight averages calculated
from the experimental chromatograms can be significantly different
than the absolute molecular weight averages. The instrument spreading
in gel permeation chromatography (GPC) has been attributed to axial
dispersion (1) and skewing (2) effects. Several computational proce-
dures (1, 3-10) have been reported in the literature to correct for these
effects. In each method a specific shape for the chromatogram of an
ideal monodisperse species or narrow MWD sample is assumed. The
use of a Gaussian shape function as in Tung’s (7) basic method may be
adequate when skewing effects are absent. The methods of Hess and
Kratz (4), Smith (3), and Pickett, Cantow, and Johnson (5) attempt to
correct for skewing effects. Duerksen and Hamielee (2) have shown that
these methods are inadequate where overloading and interaction be-
tween species occur, particularly under conditions of high concentrations,
high flow rate, and at high molecular weights. Tn addition these methods
were subject to oscillations in the corrected chromatograms and dif-
ferential molecular weight distribution curves (DMWD) because of
the problem of distinguishing between the noise and the data in the
chromatogram, particularly at the tails of the chromatogram.
Recently, Balke and Iamielee (11) used the number- and weight-
average molecular weights to obtain empirical skewing operators to
successfully correct molecular weight averages obtained from skewed
chromatograms. Also, recently Tung (72) has illustrated the usefulness
of the Fourier transform method for correcting observed chromatograms
with a Gaussian instrument spreading function. In this paper a general
statistical shape function is proposed for describing the instrumental
spreading behavior in GPC columns and is applied to linear calibration
curves by a method denoted as the ‘“method of molecular weight aver-
ages.” The use of this function with the Fourier transform method is
touched on briefly and will be discussed extensively in Part 1T of this
series. Also, a method is presented for obtaining corrected DMWD
curves from a fitted calibration curve which has been corrected for
instrument spreading by use of the hydrodynamic volume concept.

EXPERIMENTAL
Gel Permeation Chromatography

A Waters Associates Model 200 Gel Permeation Chromatograph,
fitted with five Styragel columns having nominal porosity designations
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of 10¢, 105, 104, 103, and 250 ;‘1, was used for the analysis of molecular
weight distributions. The average plate count of the columns at a solvent
flow rate of 1 ml/min was 734 plates/foot with o-dichlorobenzene
(ODCB). The columns were operated at room temperature, 24 + 1°C,
with Fisher Scientific Co. certified reagent grade THF (n}, 0.888; bp,
64-66°C) used as the eluting solvent. The solvent contained 0.025
(w/v)9, ditert-butyl-p-cresol which served as an antioxidant. The
solvent flow rates were controlled at better than 1.00 3= 0.05 ml/min
and 2.00 £ 0.05 ml/min. The degasser was operated at 55°C. The
differential refractometer which had a 0.019 in. slit was operated on 8X
and monitored the effluent streams at 42°C. To ecliminate errors in
elution volume measurement due to variations in the rate of solvent
evaporation in the siphon tube (I count = 5.003 ml at 1 ml/min, 1
count = 5.067 ml at 2 ml/min) a vapor feedback loop device, similar
to that of Yau et al. (13), was installed. Samples were dissolved in
degassed solvent taken from the GPC solvent reservoir and were filtered
under N pressure through 0.2 u millipore filters. The samples were in~
jected for 120 sec by means of the Waters Automatic Sample Injeetion
System, ASIS. The variance in the reproducibility of chromatograms
obtained from repetitive sample injections through the same loop was
comparable to that obtained from repetitive sample injections between
different loops. The GPC traces were digitally recorded at 20 sec in-
tervals by means of the Waters Digital Curve Translator. Molecular
weight averages, intrinsie viscosity, and normalized differential distribu-
tion curves were calculated on an IBM 360/65 computer according to
the basic integral formulas given by Pickett et al. (14).

Calibration Standards

The calibration standards used were linear polystyrene standards
(PS) from Pressure Chemical Co. (PC) and Waters Associates (W),
linear polybutadiene standards (PBD) from Phillips Petroleum Co.
(P), and linear polyvinyl chloride standards (PVC) from PC. The
Waters Associates PS standards included some ultranarrow MWD
recycle standards for which M,/M, < 1.009. The PS, PBD and PVC
standards were injected via the ASIS at concentrations of 0.04, 0.05
and 0.075 (w/v) 9, respectively. The absolute number- and weight-
average molecular weights and polydispersity ratios, designated respec-
tively by M,(t), M,(t), and P(t), and shown in Table 1, were those
supplied by the vendor except where noted. The Mark-Houwink in-
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trinsic viscosity-molecular weight relations used to obtain [5](¢) for
PVC (15) and PS were, respectively,

[}BNS a5oc = 1.63 X 10— M3™ 20,000 < M, < 170,000 (1)
and

(1885 25c = 1.60 X 10—¢ M3™ M, > 3000 )

Equation (2) was obtained via least-squares analysis of data supplied by
ArRo Laboratories (16).

The calibration curves for PS and PBD standards were obtained by
associating peak elution volume (PEV) with M,, while for the broad
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FIG. 1. Molecular weight calibration curves for polystyrene, poly-
butadiene, and polyvinyl chloride.
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PVC standards PEV was associated with (M,-M,)!2. The number- and
weight-average molecular weights, intrinsic viscosity, and polydispersity
ratios calculated from the molecular weight calibration curves (shown
in Fig. 1), assuming perfect or infinite resolution, are designated as
M, (), M,(®), [7](©), and P(«), and are listed in Table 1.

Polystyrene Blends

Some polystyrene blends composed of varying amounts of samples
W-4190039, W-4190041, and W-41995 having a polydispersity range of
1.11 < P(t) < 1.79 were injected via the ASIS at 0.04 (w/v)9, for 120
sec. These samples were run through the columns at 2.00 &= 0.05 m]/min.
The compositions of the blends and absolute and infinite resolution
values of M ,, M., [7], and P are shown in Table 2. The baseline adjusted
raw chromatograms of these multimodal polystyrene blends are shown
in Figs. 2 and 3.

RUN COMPOSITION P(1)
—— 196-302-2 0/50/%0 L1}
50t  —e-. 196-308-2 16.7/33.3/50 139
——— 196-306-2 25/75/ 0 L8
——= 196-305-2 78/257 0 118
a0t
30¢f
20t
104
o]
26 3¢

COUNTS

FIG. 2. Baseline-adjusted raw chromatograms of some polystyrene blends
of samples W-4190039, W-4190041, and W-41995 at a flow rate of 2 ml/min.
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RUN COMPOSITION P(1)
[
T | — 196-304-2 50/0/50 179
L sof
b -~ 196-307-2 333/333/333 1.5l
T
: —~ — 196-303-2 50/50/0 .24
I sof —— 196-309-2 50/33.3/16.7 145
o
-
= 3ot
o
-
a
<
' 20}
W
Z
o
o
104
@ 0
®

COUNTS
FIG. 3. Baselinc-adjusted raw chromatogram of some pelystyrenc blends
of samples W-4190039, W-4190041, and W-41995 at a flow rate of 2 ml/min.

THEORY

Method of Molecular Weight Averages

Tung (1) has shown that the normalized* observed GPC chromato-
gram, F(v), at elution volume v is related to the normalized GPC chro-
matogram corrected for instrumental broadening, W(v), by means of
the shape function G(») through the relation

Fo) = [7 6o - W@) dy 3)
The kth molecular weight average associated with the corrected chro-

*The word “normalized” means that the area of the observed chromatogram
is unity.
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matogram is denoted by M,(t) (true or absolute value), and the kth
molecular weight average associated with the observed chromatogram
is denoted by M (=) assuming perfect or infinite resolution. Then, the
ratio M(t)/M() is given by

M=) [2 FoMOsan/ [° FOME)-

4)

where & = 1, 2, 3, 4 corresponds to the number-, weight-, Z- and Z + 1-
average molecular weight, respectively.

A similar expression can be written for the ratio of the intrinsic vis-
cosity associated with the corrected chromatogram, [»](t), to the intrinsic
viscosity associated with the observed chromatogram, []( =), assuming
infinite resolution. This expression is given by

W@ _ [° . © !
() = /_” W ()M (v) dv//_”F(v)M(v) dv ®)

where e is the exponent in the Mark-Houwink intrinsic viscosity-molecu-
lar weight expression.

For calibration curves which are linear in logie M or curves which
are linear in logio M over the elution volume range of interest

M(v) = D, exp (—Dw) (6)
where Dy, D; > 0. Substituting Eq. (6) into (4) and (5) yields the follow-
ing relations

M) _ WDk — 1))/ W[D:(k — 2)]

Mi() FIDs(k — 1)1/F[D:(k — 2)) @

[®  _ 71D.el/FiDue

where W and F are the bilaterial Laplace transforms of W (v) and F(v),
respectively, and the square brackets indicate functionality. The general
bilateral Laplace transform of F(v) can be written as

Py = [~ exp (o [ [ 60— W) dy | dv ©)

Application of the convolution theorem of the bilateral Laplace trans-
form leads to

F(s) = W(s)G(s) (10)
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The ratio of the absolute to infinite resolution molecular weight averages
and intrinsic viscosity becomes

Mu® _ Gipte — o/GiDu(h —
Mk(w)—G[Dg(k 2)1/G[Dy(k — 1)] (1)
O _ /4
where
Gs) = [7 exp[—s0 — 9IGo —d -y (13)

and G(v — ) is the general instrument spreading function defined in
Egs. (14) and (15).

The Instrument Spreading Shape Function

Tung (1) has used a Gaussian function to deseribe the instrumental
spreading. This shape function is inadequate when skewing effects are
present. Smith’s (3) use of a log-normal shape function is not of sufficient
generality to account for skewing and has not been successful (2). The
method of Pickett and co-workers (5), which uses the chromatogram
shapes of narrow MWD standards, has been only partially successful
since it overcorrects for skewing (2). The need for a non-Gaussian shape
function has been empirically demonstrated rather extensively by
Hamielee and co-workers (2, 11). Skewed chromatograms are produced
under conditions of high flow rate (short residence times), increased
viscosity due to high-molecular weight species, and/or column over-
loading as well as loss of resolution at the high- or low-molecular weight
ends of the calibration curve.

A general normalized statistical shape function describing the instru-
mental broadening behavior in GPC columns is proposed and has the
form

w0

G —y) =G0 —y) + ) (D AwGio — y)/nl}  (19)
n=3

where Gz(v — ¥) and G7(v — y) denote the normal form of the Gaussian
instrumental spreading function first used by Tung (1),

Gr(v — y) = (1/2mu)" exp [— (v — ¥)*/2 pJ (15)

and its nth order derivatives with respect to v, respectively.
The coefficients A, are functions of u,, the nth order moments about
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the elution volume y of the instrument spreading function. The first
two coefficients are of direct statistical significance and are

As = us/p*? (16)

Ay = (p/v — 3) 17)

where the variance u is related to the resolution factor h by the relation
uz = 1/h (18)

The resolution factor h defined by Egs. (15) and (18) is equal to two
times the resolution factor defined in the original Tung (1) formulation.
In the limiting case of an ideal monodisperse standard or ultranarrow
MWD standard for which P(f) = 1, the moments u, are also the nth
order moments about the mean of the normalized observed GPC
chromatogram.

The coefficient A; provides an absolute statistical measure of skew-
ness. When A; = 0, the chromatogram of the ideal monodisperse stand-
ard i1s symmetrical about the elution volume y. When A; > 0, the
chromatogram of the ideal standard has a long tail at high elution
volumes and is skewed to high elution volumes or low molecular weights;
and when A; < 0, the chromatogram has a long tail at low elution
volumes and is skewed to low elution volumes or high molecular weights.

The coefficient A, provides a statistical measure of the flattening or
kurtosis of the chromatogram of the ideal monodisperse standard and is
related to instrumental broadening effects due to skewing and axial
dispersion. The kurtosis coefficient measures the excess flatness or thin-
ness of the ehromatogram peak compared to that of a Gaussian curve.
When 4, = 0, the chromatogram is Gaussian in shape. When 4, > 0,
the chromatogram is leptokurtic, taller and slimmer than the Gaussian
curve. When 4, < 0, the normalized observed chromatogram is platy-
kurtic, flatter or squat at the center of the curve than the correspond-
ing Gaussian curve.

In principle, the coefficients A, can be obtained from the moments
about the mean elution volume of the normalized observed chromato-
grams of narrow MWD standards. However, the narrow MWD stand-
ards may have some natural skewness, flatness, and dispersion associated
with their MWD'’s, and the computation of u; and higher moments may
be subject to large numerical errors. Furthermore, it is desirable to
consider the coefficients A, as parameters which can be mathematically
manipulated. The coefficients A, are functions of elution volume, but
will be considered to be constant or slowly varying functions of elution
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volume in the integration in Eq. (13). In order to obtain the contribu-
tions to the coefficients A, due solely to instrumental broadening, ex-
pressions will be derived for M,(t), M, (t), and [5](t) in terms of &, us, and
ra. Subsequently, the values of &, u;, and u, will be determined by fitting
these expressions to the experimental values of M, (¢), M.(t), and [](t).

The coefficients 45 and higher are functions of higher order moments
and/or products of lower order A, coefficients. The higher order mo-
ments do not have a simple geometrical interpretation. The higher even
order moments are further measures of dispersion or flatness and the
higher odd order moments are further measures of skewness. A complete
derivation of the general statistical shape function describing deviations
from ideal Gaussian behavior by means of moment generating and
cumulant generating functions has been deseribed by Aitken (17) and
others (18, 19, 22).

Evaluation of M (1) /M; (o) and [5] (1) /[5] (0}

The bilateral Laplace transform of G(v — y) in reduced variable
notation is

Cle/VE) = [ exp (—sz/ VDG () do (19)

where 2 = (v — ¥)/V 2z = Vh( — y). The evaluation of Eq. (19) can
be conveniently carried out by expressing the integrand in terms of
Hermite polynomials. Using the relations (20)
H.(z) = (—1)"¢"(z)/¢(x)
¢(x) = (1/2m)"? exp (—2%/2)
in conjunction with Egs. (14) and (15), the general shape function
becomes

(20

G(z) = $() [1 + Y (A,,/n!)H,.m} (21)
n=3

The form of the general shape function in Eq. (21) is known as the
Gram-Charlier series (21-23). Through the use of the generating func-
tion (20) for Hermite polynomials, the exponential term in the integrand
of Eq. (19) becomes

exp (—sx/\/ﬁ) = exp (s2/2h) E (Hn(z)/m)(—s/NVB)™  (22)

m=0

Substitution of Egs. (21) and (22) into Eq. (19) leads to
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G(s/V'h) = exp (s*/2h)

S 6/ vima/m ([ 6@ Ha @) dr)
m =0

+ i i (Aa/ntm))(=sV/I)m ([ 7 6(@) Hu(z)Ho(@) dx)z (23)

n=0 m=3

Using the orthonormality conditions (20) for Hermite functions,

/ " @ Ha(@)Ha() o = ”0'} n=m (24)

nFEm

in Eq. (23) yields the following expression,
G(s/V'h) = exp (5/2h) 31 + ) (A,./n!xs/x/ﬁ)"g (25)
n=3

Substitution of the expression for G(s) into Eqgs. (11) and (12) yields

(4, (=Dl — 2)
M) _ [—D§(2k - 3)] {1 i z <"')< Vi ) } (26)

Mk(OO)— 2h =

L))
G- o[58 /1 5 () G2 )

Truncation of the Gram-Charlier series in Eq. (21) leads to the Edge-
worth series (24), where A; = 0, As = 1042 and 4, = 0 for n > 7.
Expressions for M, (1), M,(t), and [4](f) may be written in terms of the
fundamental parameters &, u;, and p4 as follows:

M, ® =M 2() exp (D3/2h) {1+pi“’.§+ <“4_%)+5<D2M3>}
(28)

1 {DjusY’
(3} e

[2)(t) = [n]() exp (—€D3 /2}0/{ _€ Dz#s
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D1, 2) 01 (k)

DETERMINATION OF h, u;, AND ., FROM STANDARDS
M,, M, Supplied

If the coeflicients of the Mark-Houwink intrinsie viscosity-molecular
weight relationship are unavailable, then only M,(t) and M,(f) can be
used to determine & and 3 in Egs. (28) and (29). If we denote the ratios
M. ()/M.(o) and M,(o)/M,(t) as R.(t,») and R,(,t), respec-
tively, Egs. (28) and (29) can be combined to yield

[Ra(t, ) — Ry(o,t)] exp (—D3/2h) = 2[Dius/6) (31)
[R,,(t,w) + Rw(w’t)] exp (—D§/2h) =2 [1 + 1214%l (IM - Ei)
1 Dg#a :
+ 5( 6 ) } (32)
If
D} 3 1 [ Dius |?
D3, 3) 4 1[2] )

Egs. (31) and (32) can be combined to give simple algebraic expressions
for h and p3 as follows:

2
h= (22> / 1os, {[R”(t’w) : R“’(w’t)]} (34)
2 2
_ (6 JBut,) — Rw<w,t)}
w = (Dé) {Rna,w) F Ru(= ) (39)
A calibration curve for & and u; as functions of PEV can be obtained
from standards via Egs. (34) and (35). The corrected number- and
weight-average molecular weights and intrinsic viscosity of other sam-
ples (provided the Mark-Houwink constants are known), which shall be
designated as M.(h,us), M.,(h,us), and [y}(h,us), respectively, can be
obtained from

Mo(hyps) = Mo() exp (D3/2h) {1 + Dius/6} (36)
M, (hous) = My,() exp (—D3/2h) {1 — Dips/6}~ 37
[7](h,ns) = [n](=) exp (—e2D3/2Rh) {1 — €D3u;/6} (38)
In using Eqs. (34) through (38), it is important to be certain that ¥q.

(33) holds so that terms in Dj or higher can be neglected.
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When Dius/6 << 1, the term in braces in Eq. (37) can be expanded
to give the same term that appears in braces in Eq. (36). Under this
condition, Egs. (36) and (37) then become equivalent to the empirical
correction equations obtained by Balke and Hamielec (17). Their em-
pirical skewing operator sk and resolution factor A’ are then related to
ps and h, respectively, according to the relations

sk = Dius/3

B = h/2 (39)

M., [31 Supplied

The measurement of the weight-average molecular weight by light-
scattering techniques is a time consuming and often experimentally
difficult task compared to the determination of the number-average
molecular weight by membrane or vapor pressure osmometry. When
M, and [4] are relatively easy to obtain, compared to M, and the Mark-
Houwink coefficients are available, Eqs. (28) and (30) can be used to
obtain h and us.

Upon denoting the ratio [5]()/[5](t) as R,(«,t), Egs. (28) and (30)
can be combined to yield

R.(t,=) exp (—D3/2h) — R,(x,t) exp (—eD3/2h) = usD3(1 + €)/6
(40)
R.(t, ) exp (—D3/2h) + R,(=,t) exp (—D%/2h)
—2=pwDi1 - &)/6 (41)

where again terms in Dj and D§ have been neglected. Manipulation of
Eqgs. (40) and (41) leads to the following expression for

_ (D ERu(l, )
ho= (2 >/ log, [(1 F o) T Rl 00 = <e2D;/2h>1] (42)

A value for h can be rapidly obtained from Eq. (42) by an iterative
procedure with a desk calculator. A good initial guess is obtained by
setting the term (&DZ/4h) to zero. Then, the guessed value is inserted
into IXq. (42) and a new value computed. This procedure is continued
until there is satisfactory agreement between two successively calculated
values of h. Once h is obtained, u; can be readily obtained from either
Eq. (40) or (41). Then, the corrected number- and weight-average
molecular weights and intrinsic viscosity of other samples can be ob-
tained from Egs. (36) through (38).
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M, M, (4] Supplied

When values of the absolute number- and weight-average molecular
weights and intrinsic viscosity are available, k, u3, and u4 can be obtained
from Egs. (28), (29), and (30) by solving for them with the aid of an
“algorithm for least squares estimation of nonlinear parameters” and a
computer. When the values of & obtained in this manner are large, h >
2.0, the exponential factor in D/2h approaches unity and can be ne-
glected. Then, the corrected number- and weight-average molecular
weights and intrinsic viscosities can be obtained from the following

equations
D§u3>2}
( 2 43)

a 2 ~1
My (us,ps) = My() {1 — Dé’” + Dia + (D%M)} (44)

éaD%[ls €4D%M4
6 24

Dgﬂal

Dius
3 24

+

+

Mﬂ(#-’hlﬂ) = Mn(w) {1 +

(1) (us,na) = [1]() {1 _

DISCUSSION OF THE EFFECTS OF 4, 11;, AND u, ON M, (),
Meo{w0), AND [5] ()

The effect that skewed GPC chromatograms have upon calculated
number- and weight-average molecular weights and intrinsic viscosity
is graphically illustrated in Fig. 4. The correction Eqgs. (28), (29), and
(30) have been plotted as a funection of u; for the situation where axial
dispersion is absent, 2 = « and us = 0. Typical experimental values
have been assigned to D. and ¢, D, = 0.5 and ¢ = 0.7.

Positive values of u; indicate that the chromatogram is skewed to
high elution volumes (low molecular weight). As a result, M,(«) always
will be less than the true value, M,(us). As us increases, the correction
necessary to raise M.(») to M,(ss) monotonically increases. M,()
is less than the true value, M, (us), in the range 0 < us < 12/Dj. As u3
increases, the correction necessary to raise M,() to M,(us) at first
inereases monotonically. At u; = 6/D3 the correction reaches a maximum
value [M,(us)/M,(») = 2] and then decreases monotonically. When
us > 12D/ M,() > M,(us) and the correction necessary to lower
M (=) to M,(us) increases in a monotonie fashion. This unusual be-
havior is due to the effect of the quadratic term in p; in Eq. (29). Large
values of us, us > 15, are due to a loss of resolution at high molecular
weights. The high molecular weight species are not adequately frac-
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tionated by the gel and tend to elute over a very narrow range of elution
volumes. This effect causes the chromatogram to be extremely skewed
toward higher elution volumes and causes the calibration curve to tail
up sharply at high molecular weights.

Negative values of us indicate that the chromatogram is skewed to
low elution volumes (high molecular weight). This is due to a loss of
resolution at low molecular weights and is associated with a sharp
downturn in the calibration curve at high elution volumes. Thus, for
all negative values of us, M,() > M,(us) and the correction necessary
to lower M,(») to M,(us) increases in a monotonic fashion. Because
of the quadratic term in u; in Eq. (28), M,() > M,(us) for —12/D% <
ps < 0 and M, () < M, (us) for us < —12/D3. As p; decreases, the
correction necessary to lower M,(=) to M,(us) at first increases mono-
tonically. At us = —6/D3 the correction reaches a maximum value
[M.(us)/M,(0) = 0.5] and then decreases monotonically. For p; <
—12/D3 the correction to raise M ,( ) to M ,(us) increases in a monotonic
fashion.

The empirically defined skewing operator, sk, of Balke and Hamielec
(11) has the effect of raising M, () and lowering M, (=) equally through
their correction equations, which as previously mentioned are limiting
cases of Egs. (36) and (37),

M.(t) = Ma() exp (D}/41)[1 + $sk] (46)
Mo(t) = Mu() exp (—D3/41))[1 + }skl (47)

These equations are based on the assumption that the main effect of the
skewing correction is to shift the intercept of the molecular weight
calibration curve. Figure 4 shows that this assumption is only valid
for a narrow range of u; values, and thus a narrow range of elution
volumes. For D, = 0.5, M,(t)/M (=) >~ M,(t)/M,(=) only in the
range —15 < uy < 15, —0.625 < sk < 0.625.

The behavior of [7](«) as a function of u; parallels that of M,(«=),
except that the eparameter in Eq. (30) damps out the effect of the
quadratic term in us over the range of us which is of practical interest.

The separate effect of h (us = us = 0) and py (h = =, p; = 0), upon
M, (), M,(), and [g](«) are shown in Fig. 5 for D, = 0.5 and € =
0.7. It can be seen that A raises M,(=) and lowers M,() and [g](=)
to their respective values M,(h), M,(k), and [n](k). M.() is raised
and M,(x) is lowered by the same amount for h > 1.00. For k < 1.00
and D, = 0.5, the effects of axial dispersion although symmetric in
elution volume space do not shift the DMWD curve of narrow MWD
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FIG. 5. Correction factor curves for 17.., Il—l..,, and [#] vs h and g. for us =
#e=:0 and vs gs for h = 0 and ps =0.

standards in a symmetric manner in molecular weight space. The ex-
ponential term containing k& in Egs. (28), (29), and (30) will serve to
enhance the effect of us on M,(«) by dilating the M,(t)/M (=) correc-
tion factor and will serve to reduce the effect of s on M,(®) by con-
tracting the M, (f)/M.(=) correction factor.

The coefficient p, effects M, (), M,(), and [g](®) in the same
way as does the resolution factor . For u; < 10 and Dy = 0.5, M, ()
is raised and M, () is lowered by the same amount. The effect of the
interaction of x4 with us; in Egs. (43), (44), and (45) is to increase the
correction factor for M,(w) when us < 0, and to raise the minimum in
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the M, (us, pe)/Mn() curve when u; < 0. The interaction effect of u,
with x; upon M, (=) when us < 0 is to decrease the correction factor
for M.(=), and when u; > 0 to initially increase the correction factor
for M.,() and then decrease it by lowering the maximum in the
M ,(us,us)/ M, () curve. The effect of the interaction of u, with u; on
[7]() is similar to the effect upon M,(=) except that the e-parameter
damps out the effect of the quadratic term in p; over the range of us
which is of practical interest.

RESULTS

The values of the absolute and infinite resolution number- and weight-
average molecular weights and intrinsic viscosities shown in Table 1
were used in conjunction with Eqgs. (28), (29), and (30) to generate
values of A, uj, and u, which are shown in Tables 3 and 4. These param-
eters were obtained, with the aid of a CDC-6400 computer,* by a least
squares method for estimating nonlinear parameters (25) which utilizes
a combination of gradient and Newton-Raphson methods. Values of
h and s were obtained by fitting to Eqgs. (28) and (29) with u, =
({M,, M,} supplied), and fitting to Eqgs. (28) and (30) with us = 0
({M., In]} supplied). Where the Mark-Houwink coefficients were avail-
able, values of h, ps, and 4 were obtained by fitting to Eqgs. (28), (29),
and (30) ({M., My, [n]} supplied).

The correlations obtained between w; and PEV for PS, PBD, and
PVC standards at a flow rate of 1 ml/min are shown in Fig. 9. The
values of u; obtained for each standard by fitting to the parameter sets
(M., M,}, \M.,, 5]} and {M,, M,, 5]} agree well within the experi-
mental errors associated with absolute and infinite resolution values of
M,, M,, and [5]. In fact the values of s for the polystyrene standards
obtained by fitting to {M,, M., [5]} are not shown in Fig. 9 because
these values would be indistinguishable from the us;-values obtained by
fitting to {M,, M,}. The differences in us-values for PS, PVC, and
PBD standards over comparable elution volume ranges are very slight.
It is interesting to note that the ultranarrow recyecle-PS-standards
[P(f) < 1.009] have slightly lower values of y; (dotted curve) than the
narrow PS standards [1.05 < P(t) < 1.25]. The linear portion of the
us vs PEV curve for PS corresponds to the PEV range of optimum

* A Fortran IV computer program which makes use of Marquardt’s algorithm
to solve a set of nonlinear equations can be found in E. J. Henley and E. M.

Rosen, Material and Energy Bualance Computaiions, Wiley, New York, 1969, pp.
547f and 560-566.
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TABLE 4
Values of k, u3, and x4 for Polybutadiene and Polyvinyl Chloride Standards

Fit to Fit to Fit to
M, and M, M. and [n] M r, M. and [n]
Run PEV D2 h 13 h 3 h M3 M4

Polybutadiene, 1 ml/min

159-045 32.01 0.4785 0.854 5.17 — — — —_ -
159-046 27.16 0.4785 0.637 14.6 — — — —_— =
159-047 26.10 0.4785 0.485 6.61 — — — —_ —
159-048 25.80 0.4785 0.303 9.38 — — — - —
159-049 25.22 0.5693 0.302 10.5 — — — — -

Polyvinyl Chloride, 1 ml/min
158-042 30.80 0.4750 0 5.35 1.52 —0.653 0.339 3.83 0

158-043 29.70 0.4750 ® 6.98 © 3.97 1.52 6.48 0
158-044 29.31 0.4750 5.51 8.49 2.53 6.95 0.969 7.71 0

resolution in the molecular weight calibration curve. The upturn at low
PEV (high molecular weight) to large us-values and the downturn at
high PEV (low molecular weight) to negative us-values is due to the
loss of resolution at the high and low molecular weight ends of the
calibration curve. The increase in u; to large positive values can be
expected to be greater than the decrease in p; to large negative values
because of increased viscosity effects at the high molecular weight end
of the calibration curve.

The correlations obtained between i and PEV for PS and PBD
standards at a flow rate of 1 ml/min by fitting to the parameter sets
{M,, M,} and {M,, [y]} are shown in Figs. 6 and 8. A scatter envelope
(dotted curves) corresponding to reasonable experimental errors is
shown in Fig. 6 for the polystyrene standards. The observed scatter in
the data can be attributed to uncertainties in the experimental number-
and weight-average molecular weights (particularly at low molecular
weights), and the Mark-Houwink coefficients of the narrow MWD
standards.

The recycle-PS-standards scatter to the same extent as the broader
PS standards. The values of & obtained for the PVC standards were
extremely scattered. The experimental polydispersity of these samples
was greater than the GPC infinite resolution values and was reproduci-
ble. This can be attributed to possible experimental errors in the deter-
mination of M,(t) and M,(t), and the nature of the molecular weight
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FIG. 6. Resolution factor h vs PEV for polystyrene, 1 ml/min flow rate.

calibration curve. At first the weight-average and viscosity-average
molecular weights were associated with PEV to obtain a calibration
curve. This resulted in M, (=) > M,(t), M.(%) > M,(), and P(=) <
P(t). Then, [M,(t) - M,(1)]"? was associated with PEV. This resulted
in the more usual GPC eonditions, M,() < M,(f) and M,() <
M, (t). However, P() < P(t). This condition could result from the
limited elution volume-molecular weight range obtained from experi-
ment and the necessary extrapolation of the molecular weight calibration
curve outside this range for the calculation of M,(), M,(«), and
{nl(). However, a rather large increase in the slope of the calibration
curve (D5/2.303) would be necessary for (=) > P(t). Meyerhoff (26)
also has observed this phenomena with broad standards. e attributes
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this behavior to extremely high resolving power of GPC columns over
the elution volume range of the samples.

Since the magnitude of the correction for axial dispersion is inversely
proportional to h, it is more useful to look at a plot ofu; vs PEV when
assessing the effects of experimental scatter in & on the magnitude of
the correction. Such a plot for PS standards at a flow rate of 1 ml/min
is shown in Fig. 7. For typical experimental uncertainty ranges in » of
14 <h <28 08<h<16, and 0.28 < h < 0.6 (corresponding to
ranges in ps of 0.36 < pz < 0.71,0.63 < pp < 1.25, and 1.7 < p» <3.6),
the corresponding ranges in the correction factors obtainable from
Fig. 3 are, respectively: 1.06 < M,()/M.(»), Mu(t)/M.(=) < 1.10;
1.09 < M, (t)/Mn(), M,(t)/M,(») < 1.16;and 1.22 < M, ({)/M ()
< 1.56, 1.16 < M,(t)/M,(~) < 1.37. For h > 0.6, the magnitude of
the errors in the correction factors produced by the experimental un-
certainties in A are not too severe and can be tolerated.

A similar analysis of the effect of experimental errors in u; upon the
correction factors obtainable from Fig. 4 can be done. For 6 < u3 < 12,
the range in the correction factoris 1.12 < M, (t)/M (), M. (t)/M (=)
< 1.26. For 25 < u3 < 40, the range in correction factors is 1.64 <
M,t)/M.(w) < 218 and 1.8 < M,(t)/M,() < 1.96. Thus at large
values of u3, where loss of resolution in the calibration curve is observed,
extreme errors in the correction factors are obtained.

When values of h, u3, and us at a flow rate of 1 ml/min are obtained
by fitting to the parameter set {M,, M,, [7]}, the values of h are gen-
erally much larger than those obtained by fitting to the parameter sets
(M., M,} or {M,, [1]}. In fact, for most cases, h is sufficiently large
that the exponential factors exp (&D%/2h) ~1 and the correction
equations in us and 4 (Egs. 43, 44, and 45) can be used to compute the
corrected values M,(us,us), My(us,us) and [g](us,es). Both A and ps
are measures of dispersion in elution volume space and thus interact.
The large values of kA (small values of ;) obtained in this manner indicate
that at a flow rate of 1 ml/min the parameter of u. is a stronger function
of the dispersion than is h. A plot of x4 vs PEV is shown in Fig. 10.

Earlier in this paper it was pointed out that the computed second,
third, and fourth moments, ms, m; and m, about the mean elution
volume of the normalized observed chromatogram would be equivalent
to the moments us, u3, and u4 of the general shape function in the limit
of the ideal monodisperse standard, P(t) = 1. The computed moments
ms, ms, and my4 of some of the polystyrene standards at 1 ml/min. flow
rate are shown in Table 5. Values of m; are directly compared with g, in
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TABLE 5

Values of ms, ms, and m4 for Polystyrene Standards, 1 ml/min Obtained from the
Normalized Observed Chromatograms

Run me ms My
180-178 0.767 0.276 18.6
180-179 0.663 0.284 17.0
180-180 0.600 0.135 12.1
180-182 0.540 0.335 13.9
181-183 0.642 0.473 21.2
181-184 0.933 0.457 42 2
181-185 4.04 3.49 51.2
181-186 1.83 3.39 19.1
181-187 1.80 3.17 17.4
181-188 1.69 3.46 17.3
181-189 2.49 5.83 33.0
181-190 2.46 5.69 31.6
184-207 0.318 0.0471 0.317
184-208 0.406 0.128 0.572
184-209 0.524 0.450 1.60
184-210 0.556 0.350 1.27
184-211 0.650 0.479 1.93

08—
0.64—
POLYBUTADIENE STANDARDS-|ML/MIN.
h os4r— 106 SP(t)s1.48
A  A-FIT TO Wa(t), My (1)
02—
o Y R N I B
24 26 28 30 32 4

PEV (COUNTS)

FIG. 8. Resolution factor o vs PEV for polybutadiene, 1 ml/min flow rate.
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p,AT IML/MIN. OBTAINED
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1), Mg ()] (), [.,]mlu.«wau.gm
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.mL.IGBHnﬂ PS o e
P{t)st PS D (-]
mssrmsl PBD a
2495P(1 PVC o -3 L J
1 —TIO
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tT
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FIG. 9. Skewing coefficient g; vs PEV for polystyrene, polybutadiene, and
polyvinyl chloride, 1 ml/min flow rate.

Fig. 5. In general u, = m; for these standards. Comparison of ms in
Table 5 with ps in Table 3 shows that u; >> m;. Similarly uy > my as
shown in Fig. 8. The large differences between ms; and us; and my and
w4 are attributable to the natural skewness and flatness associated with
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POLYSTYRENE STANDARDS - | ML /MIN

Ha
60— m4 VALUES FROM L4 VALUES FROM
p(1) |RAW CHROMATOGRAMS| FITTING TO
Wa (1), My(1),[n] (1)
P(1)<1.009 ® o
204+
101< (1)<1.48 L o

40—

#4' Mg

204+

24 26 20 30 32 34 38
PEV (COUNTS)

FIG. 10. u, ms vs PEV for polystyrene, 1 ml/min flow rate.

the MWD of the PS-calibration standards, the approximation of the
molecular weight calibration curve by two linear segments, and the
experimental errors associated with determination of M,(t), M,(1), and
[21(®)- _

M, (=), M,(=), and [g]() (where applicable) for PS and PBD-
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TABLE 7
Corrected Values of M, and ., for Polybutadiene Standards, 1 ml/min

Run 10—311?11("0#3) 10_3Mw(hy“3) P(h)I"S)
159-045 16.2 17.5 1.08
159-046 126 147 1.17
159-047 221 287 1.30
159-048 208 307 1.78
159-049 288 426 1.48

calibration standards at a flow rate of 1 ml/min have been corrected for
skewing and axial dispersion with the aid of Eqs. (28), (29), and (30)
using values of h, us, and u, obtained from the average smooth curves
drawn in Figs. 6, 8, 9, and 10. The corrected data is shown in Tables
6 and 7. M,(us,u4), My(us,ni), and [n)(us,us) have been calculated from
Egs. (43), (44), and (45) under the assumption that h is very large
(u2=<20). There is good agreement between the corrected values
M. (us,ne), M,(us,pe), and [9)(us,uqa) and the corrected values M. (h,us),
M ,(h,us), and [n](h,us) when the & referred to in the data set {h,us,us}
of Table 3 is greater than 2. Also, the corrected value of M,, M,, and
[7] compare favorably with the true values, M,(t), M.(t), and [5](t)
of Table 1. Most of the corrected values lie well within the range of the
experimental errors associated with the determination of M. (1), M, (),
[](¢), and P(t). Deviations occur for the very broad standard NBS-706,
and for the ultrahigh molecular weight standards (M > 10°) where the
uncertainties in A, u;, and g, are very large.

The PS-calibration standards run at 2 ml/min yielded values of k
slightly smaller than those at 1 ml/min, while the values of us and w4 at
2 ml/min were considerably smaller than those at 1 ml/min. The values
of p3 at 2 ml/min scattered considerably more than at 1 ml/min. This
scatter can be attributed to baseline instabilities at the higher flow rate
and a smaller data sampling frequency. Values of & and u; at 1 ml/min
obtained by fitting to the parameter sets {M,, M,} and {M,, 5]}, and
values of h, us, and w4 at 2 ml/min obtained by fitting to the parameter
set {M,, M,, [1]} are shown in Table 3. When the flow rate is increased
from 1 to 2 ml/min, there is an inerease in instrument spreading due to
axial dispersion and a reduction in instrument spreading due to skewing
and flattening.

Some polystyrene blends run at a flow rate of 2 ml/min having com-
plex multimodal shapes shown in Figs. 2 and 3, and having a poly-
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TABLE 8

Corrected Values of #n, M., (7], and P for Polystyrene
Blends, 2 ml/min for Ranges of k and uz Values

10~ 10—

Run h M3 Mn(h,lla) Mw(hﬂ“) [ﬂ](h:ua) P(h,[la)
196-302-2 1.7 1.5 66.9 71.3 0.419 1.06
1.7 3.0 68.3 72.7 0.422 1.06

2.4 1.5 65.8 72.3 0.423 1.10

2.4 3.0 67.2 74.0 0.426 1.10

196-303-2 1.7 1.5 29.1 35.5 0.253 1.22
1.7 3.0 29.7 36.3 0.255 1.22

2.4 1.5 28.6 36.1 0.255 1.26

2.4 3.0 29.2 36.9 0.257 1.26

196-304-2 1.7 1.5 33.1 59.7 0.356 1.80
1.7 3.0 33.7 61.0 0.358 1.81

2.4 1.5 32.6 60.6 0.358 1.86

2.4 3.0 33.2 62.0 0.361 1.86

196-305-2 1.7 1.5 23.6 28.2 0.215 1.20
1.7 3.0 24.1 28.8 0.216 1.20

2.4 1.5 23.2 28.7 0.216 1.24

2.4 3.0 23.7 29.3 0.218 1.24

196-306-2 1.7 1.5 37.1 41.1 0.283 1.11
1.7 3.0 37.9 42.0 0.285 1.11

2.4 1.5 36.5 41.8 0.286 1.15

2.4 3.0 37.2 42.7 0.288 1.15

196-307-2 1.7 1.5 37.4 54.9 0.340 1.47
1.7 3.0 38.2 56.1 0.342 1.48

2.4 1.5 36.8 55.8 0.343 1.52

2.4 3.0 37.6 57.1 0.345 1.52

196-308-2 1.7 1.5 50.9 68.0 0.401 1.34
1.7 3.0 52.0 69.6 0.404 1.34

2.4 1.5 50.1 69.2 0.404 1.38

2.4 3.0 51.1 70.7 0.407 1.38

196-309-2 1.7 1.5 30.1 42.9 0.284 1.43
1.7 3.0 30.7 43.8 0.286 1.43

2.4 1.5 29.6 43.6 0.287 1.47

2.4 3.0 30.2 44.5 0.289 1.48

dispersity range 1.11 < P(t) < 1.79, were corrected for axial dispersion
and skewing. Values of & and u;, obtained from calibration standards
covering the elution volume range of these blends, were in the ranges
1.7 < h £ 24 and 1.5 < u3 < 3.0, respectively. Corrected values of
M, (hus), My(hus), [nl(h,us), and P(h,us) are shown in Table 8 for
h = 1.7 and 2.4, and p; = 1.5 and 3.0. These corrected values compare
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favorably with the absolute values in Table 2 over a reasonably wide
range of experimental uncertainties in h and u; values.

More experimental work is needed to ascertain whether broad calibra-
tion standards, P(f) > 2, can be used to obtain valid values of A, us,
and u4. The main problem with using broad MWD standards is that
average values of h, u3, and u, will be obtained over wide elution volume
ranges. These values will be unreliable if h, us;, and ps are changing
rapidly over the elution volume range. For these reasons, values of
h, us, and p4 obtained from narrow MWD standards may tend to over-
correct very broad MWD standards. A method will be proposed in the
next section that will eircumvent this problem.

CORRECTION METHODS FOR THE DMWD CURVE

Fitting for an Effective Linear Calibration

If the calibration curve is truly linear over the molecular weight
range of interest, the corrected values M,(t) and M, (1) can be used to
fit for the slope and intercept of the corrected calibration curve. Then,
the corrected DMWD curve can be obtained from this corrected calibra-
tion curve. Hamielec and co-workers (11, 27) have demonstrated the
feasibility of this approach. If the corrected molecular weight calibration
constants are denoted by D;(f) and D(t), and the infinite resolution
values by D;(«) and D,( ), then

M0 { Dit) \ Fi—Dy()]

M. () _<D1(°°) F[—Ds(t)] (48)
M,(t) _ { Dit) \ FIDy()]

M,,(w)‘(bl(m FIDa()] (49)

Use of Eqgs. (48) and (49) with (36) and (37) yields the following useful
relations

F[—Ds()]F[Dy()] _ .o e

Fi_ D FDa 0]~ P [DH=)/RIL = [Di)ua/ 61} (50)

= Dty JLE DH0)us/6\ (Fl— Dot)IF[Da( )]\
D) = D) { (15 BiCeefe) (F'[—Dz(w)]F’[Dz(t)]>} ©h

where F is the previously defined bilateral Laplace transform function.
Equation (50) shows that the slope of the corrected calibration curve
[D4(t)/2.303] is a function of Dy( =), h, and u3. Equation (51) shows that
the intercept of the corrected calibration curve [logy, Di(?)] is a function



14: 37 25 January 2011

Downl oaded At:

INSTRUMENT SPREADING CORRECTION IN GPC. | 471

of Di(), Ds(0), kb, and p;. Thus, in order to compensate for the effects
of skewing and axial dispersion, the calibration curve must be both
translated and rotated.

The Hydrodynamic Volume Concept Approach

Another method which is useful for correcting the infinite resolution
DMWD for skewing and axial dispersion involves the use of the hydro-
dynamic volume concept. Benoit et al. (28) have shown that when the
product {[#]M,} is plotted against PEV, a common calibration curve
results for linear and branched homopolymers and grafted copolymers.
In particular, they have shown that linear PS, PBD, and PVC fall on a
common {[n]M } vs PEV plot. Pickett et al. (14) have obtained expres-
sions for M, and M, in terms of the DMWD, (da/dM), as follows:

woCiEa
M, = /;H M (;A‘}) M (53)

do _ Clow) 1 logw e

M freow (8), "

M

The first term on the right-hand side of Eq. (54) is the normalized
chromatogram height at elution volume vy and the second term is the
reciprocal of the slope of the calibration curve, f(v) = logo M. Express-
ing the hydrodynamic volume as

Z= {[IM} = KM (55)

where

(54)

where K and e are the standard Mark-Houwink parameters, and sub-
stituting this expression into Eqs. (52), (53), and (54) leads to the

expressions
LO™@aT
[ 1(etD) Ezz 6
= [ (%) (%) 60
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@ _ Clvz) i 1 ) logie e
az = o, df’) YA
/v,, C(v) dv (% .

where now the hydrodynamic volume calibration curve is expressed as
f'() = logi Z. By using the corrected values of M,(tf) and M,(t) ob-
tained from Eqgs. (28) and (29) in conjunction with the hydrodynamic
volume calibration curve, Eqgs. (56) and (57) can be fit for effective
values of ¢ and K that correct the infinite resolution values, M,()
and M,(«) to the true values M,(t) and M.(t). Once ¢ and K are ob-
tained, the corrected molecular weight calibration curve can be obtained
from Eq. (55) and, subsequently, the corrected DMWD can be obtained
from Eq. (54). The relationship between the corrected calibration curve,
fi(v) = logis M, and the uncorrected curve f(v) can be expressed, accord-
ing to the formalism of Coll and Prusinowski (29), as

logio M, = (l-il- ‘)10g10(11§>+(1+e>f() (59)

where € and K are the Mark-Houwink parameters used in the construe-
tion of the hydrodynamic volume calibration curve, and ¢, and K, are
the effective Mark-Houwink parameters obtained upon fitting Egs. (56)
and (57) to M.(t) and M,(t). This hydrodynamic volume approach
for obtaining the corrected DMWD curves is quite general and does
not require a linear molecular weight calibration curve over the entire
elution volume range of interest. For the special case of a linear
calibration curve, the coefficients D({} and D{t) of the corrected
calibration curve can be related to the coefficients D,( ) and Ds( ) of
the uncorrected curve with the aid of Egs. (6) and (59).

(58)

Dl(t) _ (I—I?{-)ll(l+e,) (Dl( o ))(1+!)I(l+t‘) (60)
D) = (152) D) (61)

From the previous analysis made with ¥qs. (50) and (51), it can be
seen that ¢, is a function of Ds( ), ¢, h, and u; while K, is a function of
Dy(w), ¢ K, Do(»), h, and us. Thus, both K, and ¢, are affected by
GPC chromatogram spreading due to axial dispersion and skewing.

The DMWD curves of several of the standards have been corrected
by this hydrodynamic volume fitting procedure. The mathematical
method (25) used in the fitting procedure has been discussed previously.
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TABLE 9
Fitted Values of ¢ and K; and Calculated Values of M.(t), ]l_lw(t), [21(t), and P(t)

Calculated values

Run e 10K 1073M.,(t) 107301, () 1(® P(t)
Polyvinyl Chloride, 1 ml/min
158-042 0.474 2.39 25.5 68.7 0.799 2.70
158-043 0.283 20.6 41.1 118 1.202 2.87
158-044 0.437 3.78 54.9 127 1.253 2.30
Polybutadiene, 1 ml/min
159-047 0.865  0.0335 200 282 — 1.41
159-049 1.10 0.0010 265 443 — 1.67
Polystyrene, 1 ml/min
180-177 0.727 0.145 1.69 1.89 — 1.12
180-178 0.548 0.498 3.18 3.53 0.0489 1.11
180-179 0.749 0.0862 9.71 10.3 1.053 1.06
181-185 0.871 0.0188 135 261 0.944 1.94
181-186 0.603 0.337 392 412 1.277 1.056
Polystyrene Blends, 2 ml/min

196-302-2 0.799 0.0541 64.3 75.4 0.435 1.17
196-303-2 0.865 0.0309 27.7 35.9 0.255 1.30
196-304-2 0.871 0.0269 32.6 59.0 0.355 1.81
196-305-2 0.907 0.0208 22.5 28.3 0.215 1.26
196-306-2 0.782 0.0684 35.5 43.3 0.293 1.22
196-307-2 0.843 0.0352 36.7 56.3 0.346 1.54
196-308-2 0.814 0.0485 48.7 69.6 0.408 1.48
196-309-2 0.872 0.0271 29.4 43.3 0.287 1.47

The hydrodynamic volume calibration curve was obtained from the
[7](t)-M ,(t) data for polystyrene in Table 1. The values of M., (1) and
M, (t) used in the fitting of Eqs. (56) and (57) are listed in Table 1. The
values of ¢ and K, obtained from the fit along with values of M.(f),
M), [4](t), and P(t) calculated from the fitted ¢, and K, values are
shown in Table 9. Some plots of the uncorrected and eorrected DMWD
curves [da/dM](=) and [(da/dM]|(t), respectively, are shown in Figs.
11-16. The values of M,(t), M,(t), [1](t), and P(f) in Table 9 are in
excellent agreement with the corresponding values in Table 1. The
range of values in ¢, and K, shown in Table 9 for PS samples reflect
the dispersion and skewing corrections, experimental errors in M.
and M, (t), and chromatogram baseline errors.
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In principle, the corrected chromatogram W () can be obtained
from the DMWD curve corrected by the hydrodynamic volume fitting
procedure. However, by use of Eq. (54), W(v) can be expressed in terms
of F(v) and the uncorrected and corrected molecular weight calibration
curves. The corrected DMWD curve obtained from W(v) is given by

da | o _ 1 logwe
[dM] O =Wwe ((Ef) M()

(62)
dv
and the corrected DMWD curve obtained from the hydrodynamic

volume fitting procedure is given by

da _ 1 . logm e ‘
[JZTI ] ®=Fw '(df,) M, (63)
W),

Combining Egs. (62) and (63) yields

vo-rol@),_/@ %] w

For the special case of a linear molecular weight calibration curve over
the elution volume range of interest,

Dy( ) D)
D:2(t) D1 (1)
From Egs. (60) and (61), it can be seen that W(v) is then an explicit

function of the effective Mark-Houwink parameters ¢; and K, obtained
from the hydrodynamic volume fitting procedure.

W) = F) exp { —[Ds(=) — Da(D)]} (65)

The Fourier Transform Method

Recently, Tung (12) has used a numerical Fourier transform method
for correcting observed chromatograms with a Gaussian instrument
spreading shape function. The general shape function of Eq. (14) is
readily adaptable to the Fourier transform method. Since the statistical
coefficients %, us, and ps can be determined as a function of elution
volume with narrow MWD standards, corrected chromatograms and
subsequently corrected DMWD curves can be determined for broad as
well as for narrow MWD samples. Following Tung’s notation, the
corrected chromatogram is given by
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W) = (1/V2) [ 7 (W.06) cos (ko) + Wilk) sin (ko) dk  (66)

where
W.(k) = — 67
© = amewm + e "

V2x[G2 k) + GA(k)]

The functions F,(k) and F;(k), and G,(k) and G:(k) refer to the real and
imaginary parts of the Fourier transforms of the normalized observed
chromatogram, F(v), and the shape function G(v), respectively. The
functions F,.(k) and F (k) are evaluated numerically. The functions
G.(k) and Gi(k) can be obtained analytically. The Fourier transforms
of G(v — y) expressed in terms of the reduced variable x = (v — y)htis

G() = (1/V2m) [ 6@ exp (ka/V/h) do (69)

Through the use of the generating function (20) for Hermite polynomials,
the exponential term in the integrand of Eq. (69) becomes

. > Ho@) [ ik \»
exp (ikz/V'h) = exp (—k2/2h) z y —) (70)
2 (v

Substitution of Egs. (70) and (21) into Eq. (69), along with the use
of the ortho-normality conditions for Hermite functions as expressed
by Eq. (24), leads to the following general expression for G(k),

G(k) = (1/V/2x) exp (—k2/2h) [1 + z {(A,,/n!)(ik/h)"}] (71)
n=3

Using the Edgeworth series (24) form of Eq. (14), where A; = 0 and
As = 1042 and A, = 0 for n > 7, the expressions for G.(k) and G(k)
expressed in terms of h, us, and yu, are

G(k) = (1/v/2m) exp (—k2/2h) [ 1+ (5—4 - Sih) ot — %(ua/(i)zkﬁ] (72)

Gi(k) = (1/V/2x) exp (—k2/2h)[— (us/6)k7] (73)

Use of Eqgs. (72) and (73) in Egs. (66), (67), and (68) will lead to the
corrected chromatogram W (v). The use of the Fourier transform method
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with the general shape function can be used for nonlinear as well as
linear calibration curves. The application of this formalism to nonlinear
calibration curves will be extensively discussed in Part II of this series.

CONCLUSIONS

A general analytical instrument spreading shape function containing
statistical coefficients h, u;, and us has been proposed to correct GPC
chromatograms for axial dispersion, skewing, and flattening. This shape
function has been used to develop simple algebraic equations which
correct M,(), M,(), and [g](®) to their true values. Application
of these correction equations to infinite resolution GPC data has yielded
corrected values in reasonable agreement with the experimental absolute
values. The parameters h and u; may be determined from the observed
chromatograms of characterized standards from either knowing M, and
M, or knowing M, and [g]. Determination of h, us, and us requires
knowledge of M,, M,, and [y]. The use of M, and [4] to determine &
and p; is of particular advantage for situations where the determination
of M, is not experimentally feasible.

The use of the hydrodynamic volume concept to fit for calibration
and DMWD curves corrected for skewing and axial dispersion has been
demonstrated. The potential use of the general instrument spreading
shape function with the numerical Fourier transform method for cor-
recting DMWD curves has been outlined. The general instrument
spreading shape function should be readily adaptable to the correction
methods of Smith (3); Pierce and Armonas (6); Pickett, Cantow, and
Johnson (6); and the method of Chang and Huang (10) for correcting
DMWD curves. This shape function also should have applicability to
other areas of chromatography and to many fields of spectroscopy where
it is important to accurately and analytically describe deviations from
the Gaussian peak shape and separate overlapping skewed peaks (30, 31).
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tion in Eq. (14)
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coefficient of general shape function
which is a statistical measure of flatness
and defined by Eq. (17)

normalized chromatogram height at elu-
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infinite resolution molecular weight vs
counts calibration curve constants and
defined by Eq. (6)

corrected molecular weight vs counts cal-
ibration curve constants

DMWD function of molecular weight as
defined by Eq. (54)

DMWD functions of molecular weight
based on the infinite resolution and cor-
rected molecular weight calibration
curves, respectively

differential distribution of hydrodynamic
volume as defined by Eq. (58)

slope of the infinite resolution molecular
weight, corrected molecular weight and
hydrodynamie volume calibration curves,
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differential molecular weight distribution
funetion deseribing normalized observed
chromatogram heights at elution volume
v

bilateral Laplace transform of F(v)

real and imaginary parts of the Fourier
transform of F(v)

function describing infinite resolution
molecular weight ealibration curve at elu-
tion volume v
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G.(k), Gi(k)

H,(x)
h, B

k
K, K,

M, M(v)

M, Mg

Mk(w)7 Mk(t)

M., M.(t)

M, ()

1.(h), Mo(us), Ma(h,us),
M(is), Mn(usua)

M,

M,

function describing infinite resolution hy-
drodynamic volume calibration curve at
elution volume v

function describing molecular weight cal-
ibration curve corrected for instrument
spreading

general shape functions defined by Egs.
(14) and (21), respectively

bilateral Laplace transform of G(v — ¥)
normal form of the Gaussian instrument
spreading function

nth order derivatives of Gr(v — y) with
respect to v

real and imaginary parts of the Fourier
transform of G(v — y)

Hermite polynomials of order n
resolution factors defined by Egs. (18)
and (39), respectively

Fourier transform variable

empirical and effective Mark-Houwink
pre-exponential parameters, respectively
molecular weight in calibration curve cor-
responding to ideal monodisperse species
at elution volume v as defined by Eq. (6)
lowest and highest molecular weights of
the sample, respectively

infinite resolution and absolute or cor-
rected kth molecular weight average as
defined by Eq. (4)

true or absolute value of the number-
average molecular weight

infinite resolution value of the number-
average molecular weight
number-average molecular weights cor-
rected for axial dispersion, skewing, axial
dispersion and skewing, flattening, and
skewing and flattening, respectively
molecular weight in corrected calibration
curve as defined by Eq. (59)
viscosity-average molecular weight
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MWD
Mmg, M3, My
P, P(?)
P(e)
P(h,us), P(us,ue)
PEV
Ra(t,»), Rw("o;é); R.(,?)
8
sk

UL, ¥y

173
Uz

W), W(y)

w
W.(k), Wilk)
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true or absolute value of the weight-
average molecular weight

infinite resolution value of the weight-
average molecular weight
weight-average molecular weights cor-
rected for axial dispersion, skewing, axial
dispersion and skewing, flattening, and
skewing and flattening, respectively
infinite resolution molecular weight as
defined by Eq. (6)

molecular weight distribution

calculated second, third, and fourth
moments about the mean, respectively,
of normalized observed chromatogram
true or absolute value of polydispersity
ratio [M,(t)/M.()]

infinite resolution value of polydispersity
ratio

polydispersity ratios corrected for axial
dispersion and skewing, and skewing and
flattening, respectively

peak elution volume

the ratios M, ()/M(), M,(=)/M,t),
and [n](«)/[x](?), respectively

bilateral Laplace transform variable
empirical skewing operator of Balke and
Hamielec

elution volume

elution volumes corresponding to lowest
and highest molecular weight of the
sample, respectively

elution volume at molecular weight M
elution volume at hydrodynamic volume
Z

functions describing normalized cor-
rected chromatogram height at elution
volume » and y, respectively

bilateral Laplace transform of W(v)

real and imaginary parts of the Fourier
transform of W(v)



14: 37 25 January 2011

Downl oaded At:

INSTRUMENT SPREADING CORRECTION IN GPC. | 483

Ne

ZL) ZH

Greek Letters

(], [71(9)
(1))
[n](h)) [77](1-‘3); ["I](h:ll-s):

["7](#4): [’7](#3;#4)
M2y 43, K4y Mn

o(z)

¢"(x)

W o~

[

21, 67 (1968).

N >

(1966) .

0o

reduced dimensionless variable defined
by equation (19)

elution volume y

hydrodynamic volume as defined by Eq.
(55)

lowest and highest hydrodynamic volume
of the sample, respectively

empirical and effective Mark-Houwink
exponential parameters, respectively
true or absolute value of the intrinsic
viscosity

infinite resolution value of the intrinsic
viscosity

intrinsic viscosities corrected for axial
dispersion, skewing, axial dispersion and
skewing, flattening, and skewing and
flattening, respectively

second, third, fourth, and nth order
moments about elution volume of the in-
strument spreading function

normal form of the Gaussian instrument
spreading function in reduced variable
notation

nth order derivative of ¢(x) with respect
toz
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